Abstract. Let G and G ′ be simple Lie groups of equal real rank and real rank at least 2. Let Γ < G and Λ < G ′ be non-uniform lattices. We prove a theorem that often implies that any quasi-isometric embedding of Γ into Λ is at bounded distance from a homomorphism. For example, any quasiisometric embedding of SL(n, Z) into SL(n, Z[i]) is at bounded distance from a homomorphism. We also include a discussion of some cases when this result is not true for what turn out to be purely algebraic reasons.
Introduction
The rigidity theorems of Mostow and Margulis are among the most celebrated results about the intersection of discrete groups and geometry. With the rise of Gromov's program for the geometric study of discrete groups, coarse analogues of these results were among the most desired results [9] . There are many possible translations of these theorems to a coarse setting, and so are results and questions in this direction (see [6] for a good survey). We first recall two basic definitions: 
, f (x 2 ))≤Ld X (x 1 , x 2 ) + C for all x 1 and x 2 in X, and, (2) the C neighborhood of f (X) is all of Y . If f satisfies (1) but not (2) , then f is called a (L, C)-quasi-isometric embedding.
Remark 1.2. Throughout this paper, all semisimple Lie groups will have no compact factors.
In recent joint work with Whyte, the first author has extended these rigidity first explored by Mostow and Margulis to the context of quasi-isometric embeddings of higher rank symmetric spaces [7] . As uniform lattices in simple Lie groups are quasi-isometric to the symmetric space associated to the Lie group, that paper can be read as describing quasi-isometric embeddings of uniform lattices. In this paper we consider the somewhat harder problem of describing quasi-isometric embeddings of non-uniform lattices. Already for self-quasi-isometries of non-uniform lattices, a striking new phenomenon arose, first discovered by R. Schwartz [17] . This was extended to irreducible lattices in products of rank one groups by Farb-Schwartz and Schwartz and finally to all higher rank lattices by Eskin [4, 5, 18 ]. An alternate approach to some aspects of Eskin's proof by Drutu is important both to the work of Fisher and Whyte and here [3] .
Theorem 1.3. Given a non-uniform lattice Γ in a simple noncompact Lie group
G not locally isomorphic to SL(2, R), any self-quasi-isometry of Γ is at bounded distance from a homomorphism Γ ′ → Γ where Γ ′ < Γ has finite index.
We find another striking new phenomenon by extending this one to certain quasiisometric embeddings of non-uniform lattices. This builds on work of Drutu, Eskin and Fisher-Whyte described above [3, 4, 7] . Given a simple Lie group G of higher real rank, the Cartan subgroup A of G comes with a set of distinguished hyperplanes called Weyl chamber walls. We refer to the pattern of these walls as the Weyl chamber pattern. We inherit from [7] an assumption on embeddings of Weyl chamber patterns and prove the following: Theorem 1.4. Let Γ, Λ be nonuniform lattices in higher rank simple Lie groups G, G ′ of the same rank and rank at least 2. Assume:
(1) any linear embedding of the Weyl chamber pattern for G into the Weyl chamber pattern for G ′ is conformal, and (2) there is no closed subgroup G < H < G ′ with compact H orbit on Λ\G ′ .
Then if ϕ : Γ → Λ is a QI-embedding, then ϕ is at bounded distance from a homomorphism Γ ′ → Λ where Γ ′ < Γ has finite index.
We remark that the assumption on orbit closures is necessary. In the absence of this condition the proof of Theorem 1.4 shows that any quasi-isometric embedding is given by the following simple construction. If there is a closed H orbit in Λ\G ′ , this means that (possibly after replacing H with a conjugate) Λ ′ = H ∩ Λ is cocompact. The inclusion of Γ into G is a quasi-isometric embedding by results of Lubotzky-Mozes-Raghunathan and the inclusion of G < H is forced to be an isometric embedding by the ambient assumptions [15] . Since Λ ′ is quasi-isometric to H, this gives a quasi-isometric embedding of Γ into Λ. See below for examples and more discussion.
An immediate consequence of Theorem 1.4 is the following strengthening of the main result of Eskin in [4] . This proves that higher rank non-uniform lattices are coarsely co-Hopfian in the sense introduced by Kapovich and Lukyanenko in [12] . Corollary 1.5. Let Γ be a nonuniform lattice in a simple Lie group G of real rank at least 2. Then any quasi-isometric embedding ϕ : Γ → Γ is an isomorphism on finite index subgroups.
We remark that a careful reading of Eskin's paper reveals that the corollary is already proven there.
In addition we have many results concerning quasi-isometric embeddings of distinct lattices, the simplest of which is: There are a number of other results that follow once one has some idea when given G, G ′ , Γ and Λ as in the theorem, there is a closed subgroup H containing Γ and therefore G, such that H has a closed orbit in Λ\G ′ . A partial solution to this problem is given in the appendix to this paper by Garibaldi, McReynolds, Miller and Witte-Morris. Examples do exist and are constructed in the appendix, and their work also gives some restrictions, yielding results like: Corollary 1.7. Let either m ≥ n ≥ 2 or m + n ≥ 7 and let Γ be a non-uniform lattice in SO(n, m) and Λ a non-uniform lattice in SO(n, m + l) where l < n + m, then any quasi-isometric embedding ϕ : Γ → Λ is at bounded distance from a homomorphism φ : Γ ′ → Λ where Γ ′ < Γ has finite index.
We remark here that while in the context of [7] it is clear that some assumption on Weyl chamber patterns is required when considering quasi-isometric embeddings of symmetric spaces as quasi-isometric embeddings of SL(n, R) → SP (2(n − 1), R) and SL(2, R) × SL(2, R) → SL(3, R) are constructed there, but it is less clear that this assumption is needed here. In particular, we cannot answer: We believe the answer to the first question is no, but a proof requires genuinely new ideas. Either one would need to understand all quasi-isometric embeddings of the associate symmetric spaces or one would need to find an approach to the quasi-isometric embeddings of lattices that did not make reference to the symmetric spaces. Since SL(2, Z) is virtually free, the second question seems to admit a much wider array of approaches. Outline of proof and differences from earlier work: The main lines of the proof are very similar to those in the papers of Eskin or Drutu, but with some substantial additional difficulties and also some substantial simplifications of arguments [3, 4] . Let X be the symmetric space associated to G and Y the symmetric space associated to G ′ . We begin by showing that the embedding of lattices gives a map sending almost every flat to flat. In this part of the argument, our argument resembles Drutu's more than Eskin's but simplifies the argument further particularly by using idea from [7] . We show that almost every flat stays at sublinear distance from the thick part of G/Γ and so has a well defined image in the asymptotic cone. Our argument differs from Drutu's in that we do not use the Kleinbock-Margulis logarithm law but use a more naive argument that gives a worse, but still sublinear, bound. As in Drutu's paper, additional argument is required to show that the set of flats for which this is true is rich enough to capture enough incidences so that we have a full measure family of flats with well-defined maps from the cone of X to the cone of Y which also have chamber walls of any dimension mapping to chamber walls of the same dimension in the image flat. These arguments occur in subsection 3.1. To show that the image of a flat is a single flat, we use an argument close to the one in the paper by the first author and Whyte and in particular, use the higher rank Mostow-Morse lemma. This lemma shows that off a set of codimension 2 the image of any point in the flat has a neighborhood contained in a single flat and greatly simplifies the arguments from [3, 4] see subsection 3.2. As in the papers of Drutu and Eskin, the most difficult step is to show that the boundary map we have constructed extends to a continuous morphism of buildings. In our context there is substantial additional difficulty here, since chambers do not in fact, in general map to chambers and one has instead a map from chambers to finite collections of chambers. Here we use the fact that the map is isometric along flats and the Tits buiding structure on the boundary of X to show that this yields a well defined map from a set of full measure in the Furstenberg boundary of X to a finite product of Furstenberg boundaries of Y . Following Eskin's original argument (also used by Drutu), we use negative curvature to obtain continuity of the map on the set of chambers adjacent to a chamber wall, see section 4. The set of Weyl sectors that are adjacent to a fixed hyperplane can naturally be parametrized as a hyperbolic space, and the embedding coarsely preserves distance hence images of chambers at infinity also vary continuously. This is similar with showing boundary map is continuous in Mostow rigidity for hyperbolic manifolds. As in prior work, because the lattice is non-uniform, we only get this continuity at almost every chamber wall and for almost every chamber adjacent to the chamber wall. A short additional argument is required because our map on chambers is multi-valued. This also makes the next step much harder compared with the quasi-isometry case.
The next step is done in section 5, showing the boundary map extends continuously to a building homomorphism from boundary at infinity of X to a sub-building of boundary at infinity of Y . This is the most novel and most difficult part of this paper. The two buildings ∂ T X and ∂ T Y are not isomorphic, so we cannot apply existing result of Tits as Drutu did in [3, Section 5.3 A and B]. In Eskin's approach, an additional problem arises since the Furstenberg boundary of X maps to a very thin set (measure zero, clearly not dense) in the Furstenberg boundary of Y so the arguments of [4, Section 5.4] do not apply. To overcome this difficulty, we work directly with the building structure at infinity. Motivated by Tits' [20, section 4], we show, by induction on combinatorial distance, that the boundary map extends continuously to an injective adjacent preserving map on balls around a fixed chambers. This is done by first picking a good chamber in the sense that at almost every wall in each sphere (w.r.t. combinatorial metric) around the chamber we have the continuity obtained in previous step. We also fix a good apartment containing that chamber. The induction argument uses chambers adjacent to two opposite walls. This roughly means we can get an injective continuous map on chambers adjacent to a wall if there is an opposite wall and an injective continuous map defined on adjacent chambers of the opposite wall. Moreover, to make sure that the map constructed by induction argument agrees almost everywhere with our boundary map and has desired properties (injectivity, continuity, and combinatorially well-behaved), in each step of induction argument we also have to show some combinatorial and continuity claims (see proof of Theorem 5.1). As a result we get an extended injective continuous boundary map which also preserves combinatorial structure of ∂ T X. In other word, we get a subset of ∂ T Y carrying a building structure of the same type of ∂ T X, and is homeomorphic to ∂ T X as buildings. After this, we can identify the image of X in Y as a subsymmetric space in Y using the results in [14] as in [7] .
The rest of the argument resembles that given in [4] (and essentially repeated in [3] ) using Ratner's theorem, but with some additional difficulties, since G = G ′ . It is at this step that the group H arises and the question of compact G invariant sets in G ′ /Λ intervenes. By Ratner's theorem, these compact invariant sets are homogeneous and the question reduces to finding subgroups H in G ′ with G < H and Λ ∩ H a cocompact lattice. This question is analyzed in the appendix by Garibaldi, McReynolds, Miller and Witte Morris and answers are given in many cases, including those required to prove the specific results stated as Corollary 1.6 and Corallary 1.7.
Preliminaries
In this section, we introduce some notation and terminology.
Let X, Y be the symmetric spaces corresponding to G, G
Let A be the Cartan subgroup of G, and let Ξ be the root system associated to G. For σ ⊂ Ξ, let A σ = {a ∈ A|α(log a) = 0, ∀α ∈ σ}. This is a subflat in the flat A. When σ = ∅, A ∅ = A. When σ = {α} for any α ∈ Ξ, we also denote A α = A {α} . For any α ∈ Ξ, fix a k α ∈ K such that two flats π(A) and π(k α A) intersect exactly at π(A α ). For convenience, we denote k ∅ = 1. A copy of π(A σ ) is called the Weyl hyperplane associated to σ ∈ Ξ. By Weyl pattern at a point x in a flat F , we mean the pattern of Weyl hyperplanes in F passing through x. Let W be a chamber, we denote by W (∞) the boundary at infinity of W . This is again a chamber in the building ∂X. We use similar notations to denote the boundary at infinity of a flat, a hyperplane, or a ray.
Let Ξ + ⊂ Ξ be the set of positive roots and let A + = {a ∈ A : α(log a) > 0, ∀α ∈ Ξ + }. Then any chamber in X will have form π(gA + ) for some g ∈ G. If ∆ ⊂ Ξ, denote D + ∆ = {a ∈ A|α(log a) > 0, ∀α ∈ ∆}. Denote U ∆ the unipotent subgroup of G corresponding with the set of roots ∆.
Let M be the subgroup of K consisting all elements that commute with all α ∈ Ξ. Then the Furstenberg boundary of X can be identified with K/M =: K. Hence there is a natural measure on K. Also, we denote K ′ for the Furstenberg boundary of Y .
For α ∈ Ξ, denote by P α the parabolic subgroup associated to the root α. We have the Langlands decomposition
stabilizer of a fixed face in ∂X. There is a natural labeling map that is invariant under the action of Weyl group. And the set of faces in ∂X of the same type as the face K α can be identify with K/K α . For a face O = kK α , the star chamber of O, subset of K consists of chambers containing O as a face, can be identified with kK α . This a a copy of a compact group, thus, there is a natural measure on each star chamber.
We use various notions of distance in this paper. Here is the list:
) stands for distance between chambers in ∂X or ∂Y .
• dist(., .) stands for combinatorial distance between two chambers or a face and a chamber in ∂X or ∂Y . In X or Y , flats are maximal dimension isometric copies of Euclidean spaces. By hyperplane, we mean codimension 1 subflat in a flat. In ∂X or ∂Y , an apartment is the boundary at infinity of a flat in X or Y . A wall is the boundary of a hyperplane. A face is the boundary at infinity of a Weyl subsector in some hyperplane.
Mapping flats to flats
The (L, C) QI-embedding ϕ : Γ → Λ induces a map of X into Y , that is the composition of ϕ and nearest point projection onto Γ. We also denote the resulting map ϕ.
The outline of this section is: first we show that the image under ϕ of any flat in a certain family is a flat in asymptotic cones. Then, taking advantage of this conclusion, we show that image of a flat is sublinearly diverging from an actual flat. Moreover, we could show then the image of a large proportion is uniformly closed to a flat. Readers may see same arguments in [3] in a different order. The essential difference here is that we do not need the logarithm law, but only the ergodic theorem.
3.1. Good flats. We now start with constructing a family of flats on which ϕ behaves well.
Let x 0 = p(1) ∈ Γ\G, let p(d) be a number so that the volume of the ball center
By the ergodic theorem, for a.e. g ∈ G, for any σ ⊂ Ξ:
where 
By ergodic theorem, for any d, r
Fix a δ > 0, there is an increasing sequence (
We have that µ(Ω
If we set β(s) = log(s+1) s + 2p(log(s + 1)), then β is decreasing to 0 on [0, +∞). Then (3.1) can be rewritten as:
This seems complicated but note that there are only two linear growing terms, L −1 d(x, y) and Ld(x, y). Other terms are sublinear and will disappear when we take asymptotic cones.
Repeat the argument in order to obtain a refined family of flats as follows. Set r(g, δ) = inf{s > 0 :
where F = π(gA), o = π(g). Note that for any δ > 0, r(g, δ) < +∞ for a.e. g ∈ Γ\G. Then set Ω(R, δ) = {g ∈ Ω ′ δ : r(g, δ) < R}. There exists R(δ) such that µ(Ω(R(δ), δ)) > δ 2 . Moreover, R(δ) could be chosen to be non-increasing. Set
. . , and θ δ (s) = δ is 0 < s < R(δ). Now if g ∈ Ω δ then we get an estimate (3.2) about the distance under ϕ of finite union of transverse flats
from z, such that we have the estimate of the distance for image under ϕ of a finite union of transverse flats through x.
Terminology: we say a flat F is sub-θ δ -diverging w.r.t x if F = π(gA) for some g ∈ Ω δ such that x = π(g).
By the ergodic theorem, for almost every g ∈ G, for any α ∈ ∅ ∪ Ξ, in (sub)flat
where B r denotes the Euclidean ball in appropriate dimension, centered at origin, radius r. Let G be the full measure subset consisting of such g ∈ G. Note that we can take G to be Γ-invariant by defining G as the disjoint union of the Γ translates of a full measure subset in Γ\G. Let F be the family of flats that have form F = π(gA) for some g ∈ G. This say that if a flat F is in the family F , then F is sub-θ δ -diverging w.r.t. a large portion of points in F , also w.r.t. a large portion of points in a finite union of certain hyperplanes. 
We will show that if F n is a sub-θ δ -diverging flat w.r.t. x n then restriction of ϕ on F n induces a biLipschitz map from a flat [F n ] ⊂ Cone(X, x n , c n , ω) into Cone(Y, y n , c n , ω), where y n = ϕ(x n ), ω is arbitrary nonprincipal ultrafilter, and (c n ) is any sequence ω-converging to infinity. Indeed, if (u n ), (v n ) are two sequences in F such that lim 
We see that if lim Moreover,
As above, we can see that all terms, possibly except L In case u ω = [x n ] the we will pick the sequence of finite unions of flats going through x n as follows: let g n ∈ Ω δ such that F n = π(g n A) and
We still have the estimate (3.2) for image under ϕ of the finite union of flats
where g n ∈ Ω δ , by the definition of Ω δ , there is v n = π(h n ) ∈ F n such that
• at each v n , there is a finite union of flats ∪ α∈Ξ F n,α , where F n,α = π(h n k α A), containing v n and intersects F n exactly at hyperplanes going through v n . Moreover, the estimate (3.2) works for each of the finite union of flats F n ∪ (∪ α∈Ξ F n,α ), where v n have role of center o in this situation.
Note that any sequence (w n ) with lim
Note that different choices of (v n ) resulted in different finite union of flats in the asymptotic cone. However, each finite union of flats always intersect with flat [ To summarize, what we have proved is the following: 
Remark 3.2. The proposition above implies that for a flat
Moreover, the flat F ′ does not depend on which point x ∈ F that we choose. This implies that F ′ is unique.
We prove a lemma estimating the divergence away from chambers. 
For every ǫ > 0, there exists R ǫ such that for ω-a.e. n, and for all ρ ∈ [R ǫ , c n ]:
We need to show lim
n ] is also a Weyl chamber for all j = 1, · · · , p. Let z n as above, we have
Since lim ω Rǫ,n cn = 0, 2R ǫ,n < c n for ω-a.e. n. And by definition of R ǫ,n , for all
). Obviously, z ′ ω has to be a limit of such a sequence u n above. On the ray
This contradicts the convexity of the metric on symmetric spaces. Therefore, the lemma is proven. For any sequence (c n ) with lim Fixing some λ, we let
Then we always have lim
We claim that in Cone(Y, y, √ R n , ω) we have
The last equality is obvious, we only need to prove the inclusion. Let 
Proof. Apply the lemma 3.4, for ω-a.e. n
Proof. By the previous corollary, for all ǫ > 0, there exists
, and for all 
. We now prove uniqueness. Let x 1 , x 2 ∈ F such that the flat F is sub-θ δ -diverging w.r.t. both x 1 and x 2 . Note that Cone(Y, ϕ(x 1 ), c n , ω) and Cone(Y, ϕ(x 2 ), c n , ω) are canonically isometric by identity map on each sequence.
, then that equality will still hold true in Cone(Y, ϕ(x 2 ), c n , ω). Therefore the two flats F ′ ϕ(x1) and F ′ ϕ(x2) coincide. So for every flat F ∈ F , we can associate a unique flat
Because of the assumption about Weyl patterns, we can treat ∂X as a non-thick building with the Coxeter structure the one for ∂Y . So for F sub-θ δ -diverging flat w.r.t. x ∈ F , there are p Weyl chambers W 1 , . . . , W p vertex at x with respect to the non-thick structure such that F = ∪ Proof. Suppose not, there is a sequence of flats F n with F n = ∪ p j=1 W j,n , where W j,n are chambers vertex at x n ; the sequence associated flats
This is a contradiction. Next, we prove that ϕ maps a large proportion of F into a neighborhood of F ′ .
Proof. Suppose not: then there exist F n ∈ F , x n ∈ F n such that F n is sub- 
is a flat, and by the argument before, we get the equality [ϕ( There is an obvious correspondence between Weyl chambers in F ω (∞) (respectively F ′ ω (∞)) and Weyl chambers in F (∞) (respectively F ′ (∞)). Therefore, ϕ associates each chamber in F (∞) with a finite union of chambers in F ′ (∞) ⊂ ∂Y . Let Ω be the set of Weyl chambers at infinity of flats in F . Then Ω ∩ K has full measure in K, where K is the Furstenberg boundary of X.
Let 
. In order to get a consistent way to map a Weyl chamber to a finite union of chambers, we will do as following: let W 1 be an arbitrary Weyl chamber in E ∩ K. There is a chamber W 2 ∈ Ω ∩ K such that there exist F 1 , F 2 ∈ F , and W, W 2 ⊂ F 1 (∞),
is an isometry up to a rescaling factor. There is a composition of reflections in walls of [
Thinking of this as a way to label {1, . . . , l} to finite union of chambers in the image of each chamber so that the the labeling is invariant under the induced action of Coxeter group for ∂X on building ∂Y . Therefore, we can define a map ϕ on Ω ∩ K:
sending each Weyl chamber to a l-tuple of Weyl chambers in a consistent way. We will assume that ϕ = (ϕ 1 , · · · , ϕ l ).
The rest of this section is for proving uniform continuity of ϕ on star chambers. For this we need a version of proposition 3.9 for hyperplanes. Proposition 4.1. For a hyperplane P = π(gA α ), g ∈ Ω δ , and α ∈ Ξ, there is a hyperplane P ′ in Y such that
Here d is independent with P .
there is c such that
This implies there exists a hyperplane P ′ ⊂ Y , and there exists d > 0 such that
. We need to show that d is bounded, and does not depend on P . Suppose not, then there exist P n = π(g n A α ), F 1,n = π(g n A), F 2,n = π(g n k α A), and there is
Therefore the point [z Recall that G is a full measure subset of G such that for any F ∈ F , there is g ∈ G such that F = π(gA). Fubini's theorem) . Let G be a group. H be a subgroup and E a full measure subset of G. Then for a.e. g ∈ E, we have that gh ∈ E for a.e. h ∈ H.
Lemma 4.2 (
Proof. See [3, Lemma 5.1.1].
By Fubini, for a.e. g ∈ G, then gk ∈ G for a.e. k ∈ K α , for some α ∈ Ξ. This is equivalent with saying that for almost every hyperplane of the form P = π(gA α ), almost every flat containing P is in the family F . Let M be an arbitrary face in the building ∂X, denote Star(M ) ⊂ K be all the Weyl chambers containing M . If M is a face in P (∞) where P is the above hyperplane, then we see that Star(M ) ∩ Ω has full measure in Star(M ). More precise, Star(M ) ∩ Ω contains a full measure subset of Star(M ), that full measure subset consists of chambers that are in apartments bounding flats in F that contains the hyperplanes P . By Fubini again, almost every faces in ∂X are faces with described properties of M .
For such a face M as above, let P be the hyperplane such that almost every flat containing P is in F , and M ⊂ P (∞). Assume that P = π(gA α ), then flat π(gA) is sub-θ δ -diverging w.r.t. a large portion of points in P . Therefore we can assume that g ∈ Ω δ . By proposition 4.1, there is a hyperplane P ′ associated to ϕ(P ). For each Weyl chamber E ∈ Star(M ) ∩ Ω, among ϕ 1 (E), · · · , ϕ l (E) there is (at least) one Weyl chamber adjacent to P ′ (∞). Without loss of generality, assume that is ϕ 1 (W ). Proof. The full measure subset U of Star(M ) where we are proving continuity is the subset consisting of chambers in apartments at infinity of flats in F containing P .
For W 1 (∞), W 2 (∞) ∈ U are chambers at infinity of W 1 , W 2 vertex at x, we let F 1 , F 2 be two flats in F containing hyperplane P and two chambers W 1 , W 2 .
By the way we choose P and U , F 1 and F 2 are sub-θ δ -diverging w.r.t. a large portion of points in P . Let x 1 ∈ P be such a point, and let W 3 , W 4 be Weyl chambers at R) ), and we have that F 1 , F 2 are sub-θ δ -diverging w.r.t. x 1 .
Let the hyperplane P ′ and flats F ′ 1 , F ′ 2 be the hyperplane and flats associated to ϕ(P ), and ϕ(F 1 ), ϕ(F 2 ). By proposition 4.1 P ′ is determined up to some fixed finite Hausdorff neighborhood, hence projection of a point on P ′ is also well-defined up to a finite distance. Let y 1 be the projection of ϕ(x 1 ) to P ′ , and let W
We also denote y the projection of ϕ(x) on P ′ , and W Consider ∂X with non-thick building structure induced from ∂Y , by corollary 3.8, there are non-thick chambers
respectively. Note that distance on Furstenberg boundary is biLipschitz equivalent with the visual metric at some base point. In other words, for any δ 0 > 0, and any R > 0, there exist δ 1 , δ 2 
By the estimate (3.2),
Choosing R large enough, we can rewrite:
for some δ ′ 0 deduced from above inequality. Thus
Again, using the equivalence of d K ′ and the visual metric at y, there exists δ
. This is equivalent with saying that for any δ ′ 2 > 0 we can find δ 3 > 0 such that for any pair of chambers in the full measure subset U at d K -distance at most δ 3 then the image chambers under ϕ 1 are at
Hence we get the continuity of ϕ 1 on a full measure subset of Star(M ).
To prove the injectivity of the extension map we repeat above argument for lower bound estimate and get
Arguing as before we get for an
This implies the injectivity of the extension map. Proof. Let P be the hyperplane as above. Since d K is biLipschitz with the visual metric at a point, we can assume that d K is just the visual metric at a point in hyperplane P .
By the Proposition 4.3, there exists ϕ i : Star(M ) ∩ Ω → K ′ is uniformly continuous on a full measure subset U ⊂ Star(M ) ∩ Ω, and chambers ϕ i (W ) are adjacent with P ′ (∞) for all W ∈ Star(M ) ∩ Ω. Let M op be the opposite face to M in P (∞). Consider ϕ : Star(M op ) ∩ Ω → K ′ . Because of the consistency when we define ϕ, we have that ϕ i (W op ) is opposite with ϕ i (W ) and is adjacent to P ′ (∞) for any pair of opposite chambers
be the full measure subset that ϕ i is uniformly continuous on.
For every ǫ > 0, there exists δ 0 such that for
Let F 1 , F 2 be flats containing P such that
Hausdorff metric, where ǫ ′ depends on ǫ and hyperplane P ′ . Therefore ϕ j is uniform continuous on Star(M ) ∩ Ω for all j. Note that all ϕ j are injective for all j as well. This is because F ′ 1 (∞), F ′ 2 (∞) share a common wall P ′ (∞) and ϕ i is injective. Therefore ϕ is uniformly continuous on U ⊂ Star(M ) ∩ Ω, and the extension of the map is also injective.
Regularity of boundary map
The goal of this section is proving two following theorems: Proof. This is obvious from theorem 5.1 and theorem 5.2.
We start with some terminologies and definitions. We know that the Coxeter group for ∂X is a subgroup of the Coxteter group for ∂Y . Therefore, from now on when we say subCoxeter structure, we mean the structure on each apartment in ∂Y with the Coxeter group is the one of ∂X.
Definition 5.4. (subCoxeter admissible)
A
union of chambers/faces in ∂Y is called a subCoxeter admissible (or admissible in short if there is no confusion) chamber/face if the union is contained entirely in in some apartment Σ ⊂ ∂Y and there is an isometry from the modeled apartment for ∂X into Σ such that the union is exactly an image of a chamber/face.
For example, if ∂Y is a B n building, and the subCoxeter we consider is of type D n , then any subCoexter admissible chamber is a union of two adjacent chambers having a common face of certain type. The other example is in our situation, image of a chamber in K ∩ Ω under ϕ is a subCoxeter admissible chamber.
A pair of admissible chambers/faces are said to be adjacent if their intersection is a codimension 1 admissible face, and are said to be opposite if they are contained in an apartment and opposite in that apartment.
Let For D, E subsets of ∂X or ∂Y , we denote CHull(D, E) for the combinatorial convex hull of D and E in ∂X or ∂Y . 
is also a half apartment.
In order to prove theorem 5.1, we need a few lemmas. 
where f (L) and f (L op ) are opposite. Then the restriction of f n on boundary converge to a isometry from ∂HA to a wall containing f (L) and f (L op ). Furthermore, if there is an interior point x such that f n (x) converge to a point f (x), and f (x) is not opposite with any f (ζ) for ζ ∈ ∂HA then f n converge to an isometry f . In particular, if f (x) is an interior point of a chamber then f n converge to an isometry f .
Proof. The case rank 2 is obvious since a wall consists of exactly two opposite faces. So we only consider the case rank is higher than 2. Fix a based point x 0 , let d x0 be the visual metric at x 0 . The cone topology is equivalent with the topology induced from visual metric d x0 . Now let z ∈ ∂HA, there are two points ξ ∈ L and ζ ∈ L op such that d T (ξ, ζ) < π and z is on the geodesic connecting ξ and ζ. Let z n = f n (z), ξ n = f n (ξ), ζ n = f n (ζ). For any ǫ > 0, since (ζ n ) and (ξ n ) are Cauchy, we have that d x0 (ζ n , ζ m ) < ǫ, d x0 (ξ n , ξ m ) < ǫ for n, m large enough. Thus, for some fixed λ > 0, there ex-
Here −−→ x 0 ζ n (R) denote the point at distance R from x 0 on the ray ( −−→ x 0 ζ n ). Because of the convexity of distance in CAT(0) space we have that ,ζn) 2
and R(ǫ) → ∞ as ǫ → 0. Hence, (z n ) is a Cauchy sequence, thus converge to some point, denote f (z). We easily see
is on the geodesic connecting f (ξ) and f (ζ). Note that convex hull of a pair of opposite faces is a wall. Therefore, restriction of f n on boundary of HA converge to an isometry on ∂HA.
Furthermore, assume x is an interior point of HA and f n (x) converge to f (x). Then for any ζ ∈ ∂HA, by assumption we have d T (f (x), f (ζ)) < π. By the argument in the previous paragraph f n (z) converge to f (z) for any z in geodesic segment connecting ζ and x. And thus f n (x) converge to a point f (x) for any x ∈ HA. That f is an isometry follows easily.
For any sequence of half apartments having a pair of opposite faces converge to a pair of opposite faces, we treat them as a sequence of isometries from a fixed half apartment. And by position, we mean the images under the isometries at the same point.
Proof. Let (F n ) be a sequence of chambers converging to F in Star(L), and have CHull(τ (F n ), L ′op ) are half apartments. Those half apartments have common boundary, that is the convex hull of L ′ and L ′op . So we get a sequence half apartment with common boundary, and the sequence of certain cells converging. By lemma 5.6 the sequence of half apartments converges to a half apartment. Hence
Lemma 5.8. Let L n be a sequence of faces converging to a face L, and L op is face that is opposite with all L n and L. Assume that we have Proof. We show that if (D n ) is a sequence of chambers converging to the chamber D where D n ∈ Star(L n ) and D ∈ Star(L) then τ n (D n ) converge to an admissible chamber adjacent to L, and we set the limit to be τ (D). Let HA n = CHull(L ′op , τ n (D n )). As τ n and τ op are coherent, those sets are half apartments. First we have that their boundaries converge to a wall, that is the convex hull of L ′ and L ′op . In the half apartment CHull(D n , L op ), let E n be the chamber adjacent with L op . Since τ n and τ op are coherent,
The sequence of half apartments CHull(D n , E n ) have their boundaries converge, and interior chambers D n converge as well. By Lemma 5.6 the sequence of half apartments converge, in particular E n also converge to some limit chamber, say E. Clearly, CHull(D, E) is a half apartment. Now HA n have boundaries converging to a wall and interior chambers τ op (E n ) converge to τ op (E) due to continuity of τ op . Therefore the half apartments, and hence τ n (D n ), converge as well. We set τ (D) be the limit. The coherence property of τ and τ op follows immediately from from the definition of τ . Continuity and uniqueness follow from coherence.
Proof of theorem 5.1. We already know that ϕ can be defined on chambers of almost every apartment, and ϕ sends those apartments to apartments. Let A be the family of apartments that bound flats in family F . Then for almost every faces L in ∂X, the subset of Star(L) consists of chambers E such that E is a chamber of some apartment in the family A, has full measure in Star(L). We say an apartment A ∈ A is good, if for any faces L ⊂ A then Star(L) has a full measure subset consists of chambers that belong to apartment in family A. Then the family of good apartment is still of full measure in the set of apartments. Note that from previous section, if L is a face of a good apartment A ∈ A then ϕ is uniformly continuous on a full measure subset of Star(L), and this full measure subset contains all chambers in A that have L as a face.
Let E ⊂ G be of full measure such that ∀g ∈ E, π(gA)(∞) is a good apartment. In building ∂X, recall that there are q chambers C 1 , . . . , C q in an apartment (C q is opposite with C 1 ). There are (q − 1) subsets ∆ 1 , . . . ,
is the convex hull of C 1 and C i . Here recall that D + ∆i is a union of Weyl sectors consists of vector in A with positive value when evaluated by all roots in ∆ i . Let U ∆i be the unipotent subgroup of G corresponding with the set of roots ∆ i . By lemma 4.2, there is E ′ ⊂ E of full measure such that for all g ∈ E ′ , and for each i, a.e. h ∈ U ∆i , the apartment π(ghA)(∞) is good. Note that {π(ghA) : h ∈ U ∆i } is the family of all apartments containing (convex hull of) chambers gC 1 and gC i . Fix such g, let C = gC 1 and Σ = π(gA)(∞). And let Σ ′ , C ′ be the apartment and admissible chamber corresponding to Σ and C via ϕ.
Set ω = op Σ • retr Σ,C , where retr Σ,C is the retraction of ∂X onto Σ centered at C, and op Σ is the map sending a chamber/face to the opposite one in Σ. Similarly, we set ω ′ = op Σ ′ • retr Σ ′ ,C ′ . This is, however, not always well defined on set of admissible chambers/faces, but we will only consider the map on whichever admissible chambers/faces it can be defined. We also denote α : Σ → Σ ′ the isomorphic complex map that is restriction of ϕ on Σ.
For every face L ⊂ Σ, by assumption, there is an admissible face L ′ ⊂ Σ ′ , and a continuous adjacency preserving map
For general L, we prove by induction on the combinatorial distance from C the following:
For every face M ⊂ ∂X of distance at most k + 1 from C, there is an admissible face ψ(M ) ⊂ ∂Y , and for each face L ⊂ ∂X of distance at most k from C, there is a continuous adjacency preserving map ϕ L : Star(L) → Star(ψ(L)) with the following properties: Indeed, when k = 0 then L is a face of C, and ϕ L and ψ(L) already exist. Then (2), (3) and the first half of (4) will be immediate. Denote E 1 (C) for set of chambers that are adjacent to C by a codimension 1 face of C. If M is a face at distance 1 from C, then there is
and ϕ ω(L) (ω(D)) are opposite due to the coherence of ϕ L and ϕ ω(L) . For (5), if M n are faces at distance 1 from C that converge to a face M , also at distance 1. Let D, D n ∈ E 1 (C) such that M and M n is a face of D and D n respectively, and assume
Assume by induction that ϕ L exists with above properties up to faces L have distance at most k − 1 from C, and ψ is defined for faces at distance up to k. Now let L be a face of distance k. Let D be a chamber containing L and is on a combinatorial geodesic path from C to L. Let M be a face of D that has distance k to C. Note that D and ω(D) determine an apartment, and this apartment contains the convex hull of ω(D) and C. By assumption, a.e. apartments containing the convex hull of ω(D) and C are good. Thus there is a sequence of good apartments containing the convex hull of ω(D) and C, converging to the apartment containing ω(D) and D. Hence, there exists a sequence of faces L n in that sequence of good apartments such that L n converge to L. Moreover for each L n there is a continuous adjacency preserving map τ n : Star(L n ) → Star(ψ(L n )) that agrees with ϕ almost everywhere on Star(L n ). τ n sends star chamber of L n to star chamber of ψ(L n ) is due the property (4) on induction assumption of ψ. Since τ n agrees with ϕ on a full measure set of Star(L n ), by lemma 5.7, τ n and ϕ ω(N ) are coherent. Because of the induction assumption (5) on continuity on the set of faces at distance k from C, we have that ψ(L n ) converge to ψ(L). ψ(L) is opposite with ψ(ω(L)) because of (1) . By the lemma 5.6 there is a continuous adjacency preserving map ϕ L : Star(L) → Star(ψ(L)) that is coherent with ϕ ω(L) . With different choices of sequences of good apartments and L n , we still get an adjacency preserving map from star chamber of L to star chamber of ψ(L) due to the continuity of ψ by (4) . And the map ϕ L is defined uniquely due to the coherence with ϕ ω(L) .
Let N be a face at distance k +1 from C. Assume that N is a face of E ∈ Star(L) where dist(L, C) = k. Define ψ(N ) = ϕ L (N ). We have to prove ψ(N ) is well defined. The convex hull of N and C contains only one chamber having N as a face, i.e. there is only one chamber, that is E, containing N and such that dist(E, C) = k + 1. Therefore, if M is a face contained in the combinatorial path from C to N and such that dist(C, M ) = k then M is a face of E. To show ϕ L and ϕ M map the face N into the same image, we show that ϕ L (E) = ϕ M (E). Because of the way we choose apartment Σ, there is a sequence of good apartments containing CHull(ω(E), C) that converges to the apartment containing E and ω(E). Pick the corresponding sequences of chambers (E n ) and faces (L n ) and (M n ) where L n , M n are faces of E n and such that
On the image we know that ψ(L n ) → ψ(L) and ψ(M n ) → ψ(M ) due to the continuity of ψ on the set of faces at distance k from C. Recall that ϕ L (E) and ϕ M (E) are defined as limits of τ Ln (E n ) and τ Mn (E n ) respectively, where τ Ln and τ Mn are coherent with ϕ ω(Ln) , ϕ ω(Mn) and agrees with ϕ a.e. on Star(L n ), Star(M n ). Due to the coherence,
. Hence the image of the face N is well-defined when we set ψ(N ) = ϕ L (N ) = ϕ M (N ).
We now verify properties (1) - (5) of ϕ and ψ. Note that the coherence (2) is immediate from the way we defined ϕ − .
(1) Let N be a face at distance k + 1 from C. Assume that N is a face of
are coherent because of the way we defined ϕ L . This coherence property will make ϕ L be uniquely defined.
. Let E be the chamber containing L and M .We treat each case separately.
Because of the induction assumption (1), we have that ϕ M (L) = ψ(L). Consider the apartment containing E and ω(E). Since ϕ M and ϕ ω(M) are coherent, this apartment is mapped to an apartment in ∂Y and ϕ M (E) is opposite with ϕ ω(M) (ω(E)). This apartment also contains ψ(L) and ψ(ω(L)), as they are admissible faces of
The same argument as when we showed ψ is well-defined, can be applied in this case to conclude that ϕ L (E) = ϕ M (E). (4) If M is a face at distance k + 1 from C in a good apartment A containing C and ω(M ) . Let L be a face at distance k on the geodesic combinatorial path from C to M . Because of the way we defined ϕ L , it is obvious that ϕ L agrees with ϕ on a full measure subset of Star(L). Let E be the chamber containing L and M . By the observation we made when we defined good flat, the subset of Star(L) where ϕ is uniformly continuous on contains E. Therefore ψ(M ) = ϕ L (M ) agrees with image of M by restriction of ϕ on the good apartment A. (5) Let L n be a sequence of faces at distance k+1 from C, and converge to a face L, also at distance k + 1 from C. From some k large enough, ω(L n ) = ω(L), therefore, without loss of generality we assume ω(L n ) = ω(L) for all n. By the lemma 5.6, the sequence of half apartments containing L n , ω(L n ), and C converge to the half apartment containing L, ω(L), and C. Therefore the sequence of chambers E n converge to the chamber E, where E n and E are chambers containing L n and L such that dist(E n , C) = dist(E, C) = k + 1. Let (M n ) be a sequence of faces of E n such that dist(M n , C) = k and M n converge to a face M of E. Because of the convergence of the sequence of half apartments, we can assume that ω(M n ) = ω(M ), and ω(E n ) = ω(E). By induction, ψ(M n ) converge to ψ(M ), and ϕ Mn , ϕ M are coherent with ϕ ω(M) . By Lemma 5.8, ϕ Mn converge to ϕ M due to the coherence of ϕ M and ϕ ω(M) . In particular, ϕ Mn (E n ) converge to ϕ M (E). It follows that ψ(L n ) converge to ψ(L). Hence restriction of ψ on the set of faces of distance k + 1 from C is continuous.
So we have proven the existence of ψ and ϕ − with above properties. This induces a map χ : ∂X → ∂Y , defined as following points of image χ(E) are points of admissible chamber ϕ L (E) for some face L of the chamber E. χ is well-defined because of the property (3) . Note that χ is adjacence preserving and injective on each star chamber, hence χ is a building monomorphism into the image Z ⊂ ∂Y .
The fact that χ agrees with ϕ a.e. follows from the (4) and the way we picked the apartment Σ.
Proof of theorem 5.2. Since χ maps each chamber in ∂X to an admissible chamber in ∂Y , in order to prove χ is continuous on cone topology, we prove that the map χ is continuous with respect to Furstenberg boundary topology. There exists m, such that for almost every tuple of m chambers, the Furstenberg boundary can be written as union of m open subsets consisting of opposite chambers with the ones in the m-tuple. Thus, there is a tuple (C 1 , . . . , C m ) of chambers such that:
• C i satisfies all property as chamber C we pick at the beginning of the proof of theorem 2, for all i = 1, . . . , m.
• C i and C j are pairwise opposite for i = j. And apartments containing each pair C i , C j are all good. where Ω i is the set of opposite chambers with C i . Therefore, we only need to prove χ is continuous on each open set Ω i . Let Σ i be the good apartment containing C and C i . Set ω i = op Σ •retr Σi ,Ci . Proceed inductively on combinatorial distance k from chamber C i as the proof of of Theorem 5.1, that the restriction ψ on sphere radius k of faces around C i is continuous. For k = 1, this claim is true because of the continuity of ϕ M where M is any face of C i . Suppose that the claim is true up to distance k. Note that χ restrict to any apartment is an isomorphism, hence for any face L, ϕ L and ϕ ωi(L) are coherent. Then we are in the same situation as proof of the (5) of ψ in the proof of theorem 2. Therefore by the same argument, we conclude that restriction of ψ is continuous on each sphere of faces around C i . Now assume that we have a sequence of chambers (W n ) converging to a chamber W , and they are all in Ω i . Let (L n ) be a sequence of faces of (W n ) that converge to a face L of W . For n large enough then ω i (L n ) = ω i (L), thus without loss of generality, we can assume this for all n. Let E n be the chamber adjacent to C i via the face ω i (L) and is in the apartment containing C i and W n . Because W n converge to W , E n also converge to a chamber E in the apartment containing C i and W , so that C i and E are adjacent via the face ω i (L). The sequence of half apartment containing ψ(L n ), ψ(ω i (L)), and χ(E n ) = ϕ ω i (L) (E n ), have opposite faces converge to a pair of opposite faces and chambers converge to a chamber, thus by Lemma 5.6, the sequence of half apartments converges. In particular χ(W n ) = ϕ Ln (W n ) converge to a chamber. This chamber has to be χ(W ) = ϕ L (W ) due to the coherence of ϕ L and ϕ ωi(L) . Therefore χ is continuous on Ω i . It follows that χ is continuous.
Rigidity
From previous section, we have that ∂Y contains a sub-building χ(∂X) that is isomorphic with ∂X. By [13, Theorem 3.1], there is a symmetric subspace isometric to X of Y that has the boundary is χ(∂X). Therefore, G is a subgroup of G ′ , and the map χ is given by the action of a element g ∈ G < G ′ on boundary.
Proposition 6.1. There is C such that for all γ ∈ Γ, d(ϕ(γ), π(gγ)) < C.
Proof. By orthogonal flats, we mean a pair of flats that intersect at one point, and moreover the intersection of their r-tubular neighborhoods is contained in a ball of radius λr for some fixed λ (see lemma 7.2 in [4] ). Let Ω ′ δ ⊂ Ω δ , as a subset of a fundamental domain for Γ\G, consists of elements h that have two orthogonal flats in F passing through. To be clear, this means there exist k 1 , k 2 ∈ K such that hk 1 , hk 2 ∈ Ω δ . Then by ergodic and Fubini's theorem, there is c, depends only on the space X, such that µ(Ω ′ δ ) > 1 − cδ. Intersect with a compact subset of the fundamental domain, we get a set Ω δ,C ⊂ Ω ′ δ such that µ(Ω δ,C ) > 1 − 2cδ, and diameter of Ω δ,C is smaller than C.
For any γ ∈ Γ, pick u ∈ Ω δ,C , then d(π(γ), π(γu)) < C and there are flats
. Moreover, we know that g agrees with ϕ on good apartments. Thus
′ , where D ′ depends on D and λ we choose. Note that γu is C-close to the lattice Γ, implies d(ϕ(γ), ϕ(γu)) is bounded by a universal amount too. Hence there is a constant C such that d(ϕ(γ), π(gγ)) < C for all γ ∈ Γ.
Proof of theorem 1.4. Since ϕ : Γ → Λ, and ϕ is uniformly close to the action of g on Γ by previous proposition, we get that gΓ is contained in a finite neighborhood of Λ.
By [16, Theorem 1.3] , there is a closed subgroup
′ is the projection, and the bar stands for closure of a set in Λ\G ′ . In other words, ΛgΓ = ΛgH. This implies that ΛgΓg −1 = ΛgHg −1 , and it follows that Γ normalizes H 0 . Since Γ is a lattice in G, by Borel density, G normalizes H 0 as well. This implies that
On the other hand as gΓ is in a finite neighborhood of Λ, p ′ (gΓ) is compact. By our assumption, H is discrete, and the orbit ΛgΓ = ΓgH consists of finitely many points. It follows that orbit ΛgΓg −1 = ΛgHg −1 also consists of finitely many points. Therefore there exists Γ ′ < Γ of finite index such that gΓ ′ g −1 < Λ. Note that the map g : γ → gγ is uniformly close to the homomorphism Ad g : γ → gγg −1 . Hence, the quasi-isometric embedding map ϕ is uniformly close to a virtually monomorphism Γ → Λ.
Remark: Without our assumption on the non-existence of continuous group with compact orbit, we could derive the following:
In the case H 0 ∩G = G. In this case H is a subgroup containing G and intersects Λ in a uniform lattice in H. Therefore the quasi-isometric embedding is uniformly close to a projection of a discrete subgroup to a uniform lattice in H composed with the inclusion of that lattice into Λ.
In the case H 0 ∩ G = {1}. The case H is discrete has been treated above when we have the assumption. If H is continuous, then H 0 is an algebraic subgroup that contains a finite index subgroup of Γ, hence contains G as well. This contradicts with H 0 ∩ G = {1}. Proof. Let D 2 be any quaternion division algebra over Q that splits over both R and F . For example, if F = Q[ √ a], we can take D 2 = a, b Q for any positive rational number b that is not a norm in F . Next, let D n be any central division algebra of degree n over Q, such that D 2 ⊗ Q D n is a division algebra but D n splits over R. If n is odd, then D n can be any central division algebra of degree n over Q. For even n, there are local restrictions that can be arranged with some mild care. The sought after algebra D can be taken to be
Proof. Let D and F be as in Lemma A.1. Since D ⊗ Q F is a central algebra over F and F is imaginary, we know that SL 1 (D ⊗ Q F ) is a Q-form of SL 2n (C). Also, it is isotropic because D ⊗ Q F is not a division algebra. Moreover, as D is a central division algebra over Q and splits over R, we know that SL 1 (D) is an anisotropic Q-form of SL 2n (R). By construction, SL 1 (D) is contained in SL 1 (D ⊗ Q F ). Passing to the Z-points of these groups provides the desired lattices.
However, the following result implies that the lattice in Example A.2 cannot be conjugate to SL n Z[i] . Proof. Let g ⊆ sl n (C) be the Lie algebra of G. If G ∩ SL n (O) is a cocompact lattice in G, then g Q = g ∩ sl n (F ) is an anisotropic Q-form of g. Consequently g Q ⊗ Q F is an F -Lie subalgebra of sl n (F ) and since it is of type A n−1 , it cannot be a proper subalgebra. Therefore g Q ⊗ Q F = sl n (F ) and g Q splits over F .
Since g Q splits over both R and F , so it is inner over both of these fields. Therefore, it is inner over their intersection, which is Q; that is, g Q is an inner Qform. From the classification of (anisotropic, inner) Q-forms of SL n , this implies g Q = sl 1 (D), for some central division algebra D over Q. As g Q splits over the quadratic extension F , we see that D must be a quaternion. Consequently, n = 2, which contradicts the assumption that n ≥ 3.
Proof. Since H ∩ GL n (Z) is a lattice in H, the Borel Density Theorem implies that H is (of finite index in) a Q-subgroup of GL n (R). Furthermore, since this lattice is cocompact, we know that H is anisotropic over Q. This means that no vertex is circled in the Tits index of the Q-group H. However, by inspection of the list of Tits indices in [19, pp. 55-61] , we see that for each type except 1, 2 A n and 1,2 E 6 , there is a vertex that is circled for all R-forms of rank ≥ 2 and also all p-adic forms:
B n : the leftmost vertex is circled. C n : the 2nd vertex from the left is circled. For the special case where G is isogenous to SO(n, m) and G ′ is isogenous to SO(n, m + ℓ), we now give some numerical conditions that imply hypothesis (2) of Theorem 1.4 is satisfied.
we have r k ≥ r 2 > 2r for 1 < k < r. Therefore, the highest weight of ρ must be a multiple of the highest weight of either the r-dimensional standard representation or its dual (cf. [8, Exer. 8 in §7.1.4, p. 340] ). This implies that ρ is not self-dual. On the other hand, the representation of H in G ′ = SO(n + m + ℓ, C) obviously has an invariant, nondegenerate bilinear form, and is therefore self-dual. So ρ cannot be the only nontrivial, irreducible subrepresentation. This implies that n + m + ℓ is at least twice the minimal dimension of a nontrivial, irreducible representation of sl r (C). This dimension is r [8, Exer. 8b in §7.1.4, p. 340], so we conclude that n + m + ℓ ≥ 2r, which contradicts the conclusion of the preceding paragraph. As G ⊆ H ⊆ G ′ and rank R G = n = rank R G ′ , we know that n = rank R H = 2. Also, the anisotropic kernels of G . = SO(2, m) and H . = 1 E 28 6,2 are (isogenous to) SO(m − 2) and SO(8), respectively. As G ⊆ H (and rank R G = rank R H), we see that m − 2 ≤ 8. Furthermore, since H ⊆ SO(n, m + ℓ), we have a nontrivial representation of H on R n+m+ℓ . Now note that every Weyl-orbit of nonzero weights in the E 6 lattice has at least 27 elements (as follows from, for example, [11, Thm. 1.12(a)]), hence every nontrivial representation of E 6 has dimension at least 27. So We now show via two examples that the assumption n + m ≥ 7 cannot be removed from the statement of Proposition A.6.
Example A.8. Let (n, m) be either (2, 4) or (3, 3) , and let q = 2k + m, for any k ≥ 1. Then there exists
• a subgroup G of SO(n, q) that is isogenous to SO(n, m), and • a noncocompact lattice Λ in SO(n, q), such that Λ ∩ G is cocompact in G.
Proof. We first note that in the case of H C being isogenous to SL r (C) for some r, the converse of Corollary A.5 is true. Namely, that H is isogenous to a group with an anisotropic Q-form. Indeed, division algebras allow the construction of anisotropic Q p -forms of SL r , so this is straightforward. (We also point out that more generally the converse is true and follows from [1, Thm. B] but we only need this special case.)
Now let G = SO(n, m). Since n + m = 6 and SO 6 is isogenous to SL 4 , the above paragraph tells us that G has an anisotropic Q-form (G) Q . By the classification of Q-forms of type D 3 (and Meyer's Theorem), we see that (G) Q = SU 3 (B; D, τ ), where D is a quaternion division algebra over Q, τ is the reversion anti-involution on D, and B is a τ -Hermitian matrix in Mat 3 (D).
Let (G ′ ) Q = SU k+3 (B ⊕ I k ; D, τ ). Since (G) Q is a Q-form of G . = SL 4 (R), we know that D splits over R. Therefore SU k (I k ; D, τ ) is a Q-form of SO(2k), and so (G ′ ) Q is a Q-form of SO(3, 2k + 3) = G ′ . The 2nd vertex from the end is circled in the Tits index at every place, hence Theorem A.4 implies that (G ′ ) Q is isotropic.
Example A.9. For any even q ≥ 6, there exists • a subgroup G of SO(2, q) that is isogenous to SO(2, 3), • an almost simple subgroup H of SO(2, q) that contains G, and • a noncocompact lattice Λ in SO(2, q), such that Λ ∩ H is cocompact in H.
Proof. Let H be the copy of SO(2, 4) that is provided by Example A.8, and let G be any copy of SO(2, 3) in H.
We conclude by showing that the restriction ℓ < n + m cannot be removed from Corollary 1.7. In particular, we give a counterexample in the case when ℓ = n + m. for x, z ∈ R n and y, w ∈ R m , • Λ = { g ∈ SO 2(n+m) (f ) | gZ = Z }. Since f is a quadratic form of signature (n, n + 2m), we may identify G ′ with SO 2(n+m) (f ). Also, since f ( p) ∈ Z for all p ∈ Z, any linear change of basis that maps Z to Z will turn f into a quadratic form with rational coefficients, so Λ is an arithmetic lattice in SO 2(n+m) (f ). Moreover, as f is isotropic, Λ is noncocompact.
We may identify H with the subgroup of SO 2(n+m) (f ) that stabilizes both { x = 0, y = 0} and { z = 0, w = 0}. Then
is the usual example of a cocompact lattice in SO(n, m)×SO(n+m) that is obtained by restriction of scalars.
